Accurate ro-vibrational energies, eigenfunctions, radial densities, expectation values are presented for the exponential-type Manning-Rosen (MR) potential. Bound states accurate up to ten significant figure are obtained by employing a simple, reliable generalized pseudospectral method.
I. INTRODUCTION
The exponential-type Manning-Rosen (MR) potential [1] , given by, 1 − e −r/b , κ = 2μ
is used as an important mathematical model for molecular vibrations and rotations [2, 3] .
Here, α and the strength parameter A are two dimensionless parameters, while the screening parameter b, having a dimension of length, is related to the range of potential. This has found considerable applications in several bound-state and scattering problems in physics.
It is obvious that the potential remains invariant under the transformation α ↔ 1 − α. This potential has received significant attention in recent years. It is well-known that the Schrödinger equation for s states (ℓ = 0) of this potential can be solved exactly. Such bound states are obtained analytically by a number of attractive routes; viz., a direct factorization method [5] , Feynman path-integral formalism [6] , where eigenenergies, eigenfunctions are extracted from poles, residues of Green's function respectively, a standard function analysis method expressing solutions in terms of generalized hyper-geometric functions [7] , a tridiagonal matrix representation of wave operator in a complete square integrable basis [8] , etc.
Exact solutions of s-wave scattering states also are obtained from standard method [9] .
However, the non-zero angular momentum states cannot be obtained exactly analytically in closed form. Therefore, several approximation schemes have been proposed for these with varying degrees of accuracy and efficiency. The first definitive results for arbitrary ℓ states were presented by invoking an approximation of (1−e −r/b ) 2 for the centrifugal term in short range [10] , quite similar in spirit to the familiar Pekeris approximation. Some of the other notable approaches are: a super-symmetric shape invariance formalism in conjunction with function analysis method [11] , an approximation for centrifugal term different from the usual one used above, containing 3 adjustable parameters in it [12] , yet another alternative approximation to the centrifugal potential within a Nikiforov-Uvarov method [13] , the Duru-Kleinert method of path-integral formalism [14] , Laguerre and oscillator bases to tridiagonalize the reference Hamiltonian and subsequently a Gauss quadrature approach for estimation of potential matrix elements [15] , a J-matrix method [16] , etc. Approximate analytical scattering-state solutions of ℓ-wave Schrödinger equation have been presented in [17] by a proper approximation of the centrifugal term, as well as by the J-matrix method [16] . Some other methods have also been presented [18, 19] . A purely numerical integrating procedure has also been programmed [20] as well for bound states, invoking the MATHE-MATICA package, which offers decent results, especially in the short potential range, i.e., small ℓ and α.
Recently, the generalized pseudospectral (GPS) method has been shown to be quite successful for a number of physical situations, including the spiked harmonic oscillator, Hulthén, Yukawa, logarithmic, power-law, Hellmann, exponential-screened Coulomb potentials, etc., as well as lower and higher states (including Rydberg states) in atoms and molecules (see the references [21] [22] [23] [24] [25] [26] [27] [28] [29] and therein). Very accurate, reliable results were obtained through a non-uniform, optimal spatial discretization in all these cases. In the present communication, our interest is to study the ro-vibrational spectra of MR potential through this GPS method, in order to assess its validity and performance in the current context. That will help extend the domain of applicability of the method to a broader range of physical systems. One interesting aspect of this potential is that there is a value of screening parameter, denoted by (b −1 ) c , the critical screening parameter, beyond which the state (n, ℓ) ceases to be a bound state. So far, only in one of the references [16] , some attention has been paid on this important issue; here we put particular emphasis to the eigenspectrum close to such threshold regions. Moreover, excellent quality results are available for low-lying states, while only very few studies have been devoted to high-lying states. We find interesting complex level crossing in higher (n, ℓ) states more predominantly than in lower states, in regions close to zero energy, which has remained hitherto unobserved. A thorough analysis on variation of energies with respect to screening parameter and α are presented. To this end, accurate ro-vibrational energies and wave functions of all the 55 levels corresponding to n ≤ 10 states of MR potential are reported. Screening parameters of arbitrary field strengths (covering both weak and strong limits of interaction) have been considered for particular values of vibrational and rotational quantum number. For further understanding, radial probability densities, expectation values are also reported for some selected states. A detailed comparison with literature results has been made wherever possible. The article is organized as follows. Section II gives a brief summary of the GPS method. A discussion of our results is given in Section III, while Section IV makes a few concluding remarks.
II. GPS METHOD FOR MR POTENTIAL
In this section, an overview of the employed methodology is presented. More details could be found in the references [21] [22] [23] [24] [25] [26] [27] [28] [29] and therein. For the purpose of maintaining consistency with literature, we choose A = 2b. Atomic units employed throughout the article, unless otherwise mentioned.
We are interested in the solution of radial Schrödinger equation, which can be written in following operator form,Ĥ (r) φ(r) = ε ψ(r).
The Hamiltonian operator includes usual kinetic and potential energy terms,
with
and v(r) is the MR potential, as given in Eq. (1). The symbols have their usual significances.
Majority of the finite-difference discretization schemes for solution of radial Schrödinger equation arising in these situations often require very large number of spatial grid points, mainly due to their uniform distributional nature. GPS method, on the other hand, facilitates a nonuniform, optimal discretization, maintaining similar kind of accuracies at both small as well as large r regions. Therefore, one has the advantage of working with a much lesser grid points compared to many other methods in the literature. Thus we can have a denser mesh at smaller r while a coarser mesh at large r. The principal feature of this scheme is that a function f (x) defined in an interval x ∈ [−1, 1], can be approximated by a polynomial f N (x) of order N of the following form,
At the collocation points x j , above approximation is exact, i.e., f N (x j ) = f (x j ). In the Legendre pseudospectral method used in this study, x 0 = −1, x N = 1, while the x j (j = 1, . . . , N − 1) are obtained from roots of first derivative of Legendre polynomial P N (x) with respect to x, i.e., P ′ N (x j ) = 0. The cardinal functions g j (x) in Eq. (5) are given by the following expression,
satisfying a unique property that g j (x j ′ ) = δ j ′ j . Now the semi-infinite domain r ∈ [0, ∞] is mapped onto a finite domain x ∈ [−1, 1] by a transformation of the form r = r(x). Next, one could use the following algebraic nonlinear mapping,
, with L and η = 2L/r max being the two mapping parameters, as well a transformation of the form, ψ(r(x)) = r ′ (x)f (x). This, coupled with a symmetrization procedure, subsequently leads to a transformed Hamiltonian as below,
where v m (x) is given by the following relation,
The advantage is that this leads to a symmetric matrix eigenvalue problem which can be readily solved to produce accurate eigenvalues, eigenfunctions at the same time using standard available routines, quite easily and efficiently. This discretization then finally leads to a set of coupled equations as below,
where
and D (2) j ′ j is the symmetrized second derivative of cardinal function. For their expressions and other details, please see the references [21] [22] [23] [24] [25] [26] [27] [28] [29] and therein.
In order to make a judicious choice of mapping parameters, a large number of tests were carried out to check the performance of this scheme. A sufficiently large range of potential parameters were scanned for this purpose to gain confidence. All our results are reported only up to the precision that were found to maintain stability with respect to these variations.
In this way, a consistent set of numerical parameters (r max = 300, η = 25 and N = 300) has been chosen which seemed to be appropriate and satisfactory for the current problem.
For higher excited states and also near the critical screening region, r max was increased, for obvious reasons. These are mentioned in appropriate places in the text.
III. RESULTS AND DISCUSSION
Before the main results are presented a few comments may be made regarding the convergence of our calculated quantities. Stability and accuracy of our proposed scheme is dependent mainly on the parameter r max , while apparently these are found to be rather insensitive with respect to variations in η and N. Hence for all the calculations reported in this article, N = 300 radial grid points was always found to be sufficient and accordingly also employed. Thus there is no burden on computational cost, as matrix sizes do not grow.
Generally speaking, r max = 200 or 300 a.u. was sufficiently good only for weaker screening; in the intermediate region, an r max of 1000 a.u. was necessary to achieve reasonable convergence. However, better convergence required the same to be about 1500 a.u. or so. For stronger coupling parameters as studied in this work, we had to employ even higher values of r max (like 7500 or so for 2p state). As expected, for higher states, while reasonable convergence could be achieved for similar r max in weaker screening region, in the domain of strong coupling, even larger values, such as 9000 a.u. was employed for satisfactory convergence.
Similar findings were observed when Hulthén and Yukawa potentials were studied within [10] . b Ref. [11] . c Ref. [12] . d Ref. [13] . e Ref. [14] . f Ref. [15] . g Ref. [20] . h Ref. [16] .
the GPS method [24] . Table I , we report the estimated critical screening parameters (b −1 ) c of MR potential for all the 55 eigenstates 1s through 10m, having α = 0.75. For a particular bound state, this is defined as the value of 1/b, beyond which the state does not appear in the bound-state spectrum. Alternatively, this corresponds to a value of the parameter at which energy of such a state is zero. These are important quantities as they play a major role in limiting the accuracy of calculated results. These have been well studied by a number of authors for two common screened Coulomb potentials, such as Hulthén [30] and Yukawa [31] potentials. However, for MR potential, the only such attempt has been made in a Jmatrix calculation [16] for the non-zero rotational states having vibrational quantum number n = 2 − 8. As seen from the table, our results completely agree with those of J-matrix result [16] . For s-waves and n = 9, 10, they are reported here for the first time. In general, for a given α, (b In both cases, large range of screening parameters, covering weak, medium and strong interaction are considered. Numbers in the parentheses in Column 1 denote the truncated values of critical screening parameters as estimated in [16] , and also independently confirmed in present work. These values do not exist for α = 1.5 in the literature. In several occasions, many reference eigenvalues exist for both α; some of these are quoted here for comparison. Note that, generally there is a predominance of excellent quality results in low screening parameter region and scarcity of same for larger screening; here we have focused more on the latter. Thus, we have gone beyond the interaction region considered in any of the previous works so far, for practically all the states in these tables. Reference energies of [10] , obtained through an approximation of 1 r 2 in terms of the generalized hypergeometric functions 2 F 1 (a, b; c; z), are reasonably good for small α. However, it performs rather less accurately for higher vibrational and rotational quantum number, as well as for screening parameters in the neighborhood of (b −1 ) c . Some of these states are also reported from super-symmetric shape invariance approach and wave function analysis [11] along with a constant-introduced new approximation for centrifugal term. Quality of the energies in this case is slightly better than the previous case [10] ; however shows a similar pattern of [10] . b Ref. [11] . c Ref. [12] . d Ref. [13] . e Ref. [14] . f Ref. [15] . g Ref. [20] .
Now in
discrepancies widening for higher n, ℓ and (b −1 ), as earlier. Overall similar quality eigenvalues are also obtained for 2p-6g states for both α values in [12] , via an approximation for centrifugal term containing three adjustable parameters. Good-quality energies (better than [11] ) are also reported in [13] within the rubric of Nikiforov-Uvarov method and em- [14] . However, it seems that, so far, the best energies are those given in [15] , Note that, all our energies are reported for more decimal places than the existing methods in literature. Considering the performance of GPS method for various physical systems in past years, we believe that current energies may be the most accurate estimates reported so far, surpassing all the reference works mentioned above.
After low-lying states, as a testimony of the usefulness of GPS approach, representative energies are now offered for some higher states, which are quite scarce in literature. Table   IV thus tabulates all the ℓ = 0 eigenstates for n = 8, 10 at selected value of α = 0.75 having 1/b = 0.02 and 0.01 respectively. In the parentheses, calculated critical screening values after truncation, are once again quoted for convenience. For n = 8, these are also available from [16] , as discussed in Table I . As n, ℓ increase, calculation of these states become progressively difficult. Thus very few attempts beyond 6g have been recorded so far; viz., (i) 8p-8f states for both α = 0.75, 1.5 having 1/b = 0.025 were studied by means of Laguerre and oscillator bases [15] (ii) 8p state for 1/b = 0.025, 0.029, and 8k for 1/b = 0.019, all for α = 0.75, via the J-matrix method [16] . However, for n = 10, we are not aware of any results. In our test calculation, these results were reproduced quite nicely. Hence these states are given here for first time and can not be directly compared with reference values in the literature. It is hoped that they may be helpful for future referencing.
Next Fig. 1 depicts the variation of energy eigenvalues as function of 1/b for all the states of MR potential belonging to n = 6, 7, 8 (left) and n = 9, 10 (right) respectively; all having α = 0.75. For a given α, energies tend to increase with an increase in screening.
Generally, while the individual non-zero ℓ-states remain very closely spaced together for a chosen n, s-waves slightly separate them from others, with progressive lowering of separation for higher n. However, the states of a given n level generally remain well separated from other n levels, for small values of vibrational quantum number. But with an increase in n, This is reminiscent of the energy orderings in Hulthén and Yukawa potentials [24, 30] .
Next, energy variations of MR potential with respect to changes in α are discussed for representative states. For this Fig. 2 displays the behavior of (a) np and (b) n ′ d states (n = 2 − 10, n ′ = 3 − 10) at a screening corresponding to 1/b = 0.01. Note that the maximum in α axis is different for these two plots. All these states follow similar qualitative pattern; in the beginning, at smaller region of α, any increase causes a lowering in energy until it reaches a minimum, followed by a sharp increase, and finally tends towards zero slowly. A similar trend in behavior was observed for other states as well. For a given value of rotational quantum number, as n assumes higher values, the well becomes progressively shallow and flatter, so much so that for higher states like 10p or 10d, the plots nearly levels starting approximately at α = 3 which continues thereafter more vigorously, as the energies approach towards zero. In (b), 2p, 3d levels are well separated; however the gap decreases in 3d with an increase in α value. Energies increase with an increase in 1/b for a particular α. We also examined the nature of such plots for large n states, which are not shown here for brevity. One generally finds that, for a given screening parameter, similar plots in (a) tend to become flatter as we proceed towards higher values of n, within a given ℓ, so much so that for 10p, or 10d, they very closely resemble a straight line. panel). These have not been reported before except for some r −1 and r , for α = 0.75, in J-matrix study of [16] , which are duly quoted for comparison. The general agreement seems to be quite satisfactory. However, some minor discrepancies are noticed, especially for r ; which could be due to the differences in wave functions obtained from these two methods.
IV. CONCLUSION
A detailed study has been carried out on the accurate eigenvalues, eigenfunctions, density moments and radial densities of MR potential by means of GPS formalism. This is a simple, quite easy to implement, accurate and reliable method. As demonstrated, present results are significantly improved from the best reference results available so far. Many new states are reported here for the first time. In view of the simplicity and accuracy offered by this method for the system under investigation, it is hoped that this may be equally useful and successful for other molecular potentials, some of
